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Abstract 

We give a sufficiently detailed account on the construction of marked 
Gibbs measures in the high temperature and low fugacity regime. This 
is proved for a wide class of underlying spaces and potentials such that 
stability and integrability conditions are satisfied. That is, for state 
space we take a locally compact separable metric space X and a sep- 
arable metric space S for the mark space. This framework allowed us 
to cover several models of classical and quantum statistical physics. 
Furthermore, we also show how to extend the construction for more 
general spaces as e.g., separable standard Borel spaces. The construc- 
tion of the marked Gibbs measures is based on the method of cluster 
expansion. 
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1 Introduction 



The purpose of this paper is to give a detailed and comprehensive account 
on the construction of marked Gibbs measures in the high temperature and 
low fugacity regime for general underlying spaces using the method of clus- 
ter expansion. Our motivation for this general framework is on the one hand 
related to the examples in statistical physics we would like to cover, see Ex- 



amples 3.5 - p .81 below and also Subsection On the other hand, in recent 



papers |[AKR98a[] , [ |AKR98b[1 (see also lecture notes [ [Roc98|| ) the authors put 



special emphasis in the construction of differential geometry on the simple 
configuration space Tx over a manifold X, i.e., 

Tx := {7 C X I I7 n A'l < cxD for any compact K C X}, 

(cf. ( |2.1|) ) via a lifting of the geometry from the underlying manifold X (see 
as well |P:<.SS98|| for an extension for compound Poisson spaces). In |[AKR99| 



the authors applied the aforementioned differential geometry to construct 
representations of current algebras and hence non-relativistic quantum field 
theories. This provides a scheme of canonical quantizations which uses a 
Gibbs measure on the configuration space as a ground state measure of the 
considered models. Having in mind the study of quantum models with inter- 
nal degrees of freedom we are interested to extend the corresponding analysis 
to marked configurations and non flat underlying spaces. It gives an addi- 
tional motivation to develop analysis, geometry, etc. on marked configuration 
spaces. In all applications mentioned above marked Gibbs measures are play- 
ing a fundamental role. At present moment any general results about the 
existence and uniqueness of marked Gibbs measures are absent. The aim of 
our paper is to describe a construction of such kind of measures in the case 
of general underlying and marked space. 

The results of this paper (which we will give an account below) are 
based on the so-called cluster expansion method, see e.g., | [MM91|| , | pr'en63 



Rue64|| , and ||Rue69|| , and we follow closely the scheme of V. A. Malyshev 



and R. A. Minlos (cf. [|MM91| , Chap. 3 and 4]), which the authors realized for 
the configuration space over M'^. Let us explain this more precisely. Let X 
be a locally compact separable metric space (the space describing the posi- 
tion of particles) and S a separable metric space (the mark space) describing 
some internal degrees of freedom, e.g., spin, momentum, or different types 
of particles. We construct a marked Poisson measure vrj (cr is an intensity 
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measure on X and r a transition kernel on S) over the marked configuration 
space, i.e., 



QxiS) := {u = {{x, s)} e Tx^s\{x} =: 7.. e T^}, 



via Kolmogorov's theorem, see Subsections |2.1| and 2.2 below. The desired 



measure /i on nx(>S') is obtained as a limit (in a sense to be specified later) 
of a family of measures 11^ cf. Subsection Here a"^ is the measure 
defined on (X x S,B{X x 5*)) by cr'^{dx,ds) = T{x,ds)a{dx), see (p7| ) for 
details. For finite volume A C X (i.e., bounded Borel set) the measure 11^ '"^ 
is defined as a Gibbs type perturbation of the marked Poisson measure ttJ, 
i.e., 
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1f{u;x\a U a;;)e-^A(--\-^-A)<(rfa;') 



(cf. Definition in Section It is well-known that 11^ is a specification 
in the sense of |Pre76| , Section 6] (see also ||Pre79|| and [Pre80|| ) for the given 
pair potential 0. Shortly speaking, a marked Gibbs measure is defined as a 
probability measure which has as conditional expectation the specification 
The aforementioned limit measure fi is locally absolutely continuous 
with respect to the marked Poisson measure vrj (cf. Theorem |5.3|) . If we 
assume additionally that the potential (p has finite range, then we give a direct 



proof that the limit measure fi fulfils the DLR equation, see Subsection 5.2, 



Theorem |5.6| , and hence it is a Gibbs measure. Let us mention that using 
further consequences of the cluster expansion developed in |[Kun98|| and the 



general results from |[KKS|| it is possible to show that the limit measure n is 
a Gibbs measure for a much wider class of potentials. 

We would like to emphasize that the above results (specially the one of 



Theorem |5.3| ) are strongly related with the procedure of cluster expansion 
and the estimates obtained there. As usual, this procedure is possible under 
some conditions on the potential (p and other parameters of the system. 

Thus the contents of Sections |^, ^, and |^ has been described. It remains 
to add that Section consists of the necessary preliminaries for the further 
sections. Namely, we give a sketch of the construction of the marked con- 
figuration space flx{S) and its measurable structure, (cf. Subsection |2]l|) as 



well as the marked Poisson measures ttJ, see Subsection In the remain- 
der of Section ^ we introduce some algebraic structures in order to perform 
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easier calculations and combinatorics involved in cluster expansion. This is 
the contents of Subsection |2.3| and p.4| . For the clarity of the presentation we 
moved some proofs to the Appendix. 

Finally, we would like to remark that all our results extends to underlying 
spaces more general than we discuss in the main body of the work, namely, 
separable standard Borel spaces. The necessary modifications are described 
in Subsection |5]^. In a second paper, see ||Kun98|| , we collect further results 



for Gibbs measures in the high temperature regime. 



2 Marked configurations spaces 



In this section we describe the framework to be used in the rest of the paper. 
Hence in Subsection ^TT| we introduce the measurable structure of the space 
on which the marked Gibbs measure will be defined, see Section |^. Let us 
mention that such measures are called states in statistical physics of con- 
tinuous systems and in probability theory they are known as marked point 
random fields, cf. e.g. ||AGL78|| , ||GZ93|| , ||Kin93|| , and ||MM91|| . 



The marked Poisson measures are constructed in Subsection p.2| . Finally, 
in Subsection ^]3| (resp. Subsection |2^) we introduce some facts from graph 
theory (resp. *-calculus) which will simplify our calculations later on, namely 
in Section ^. 

Let X be a locally compact separable metric space (which fulfils the 
second axiom of countability, i.e., the topology is countably generated). It 
describes the position space of the particles. Denote by B{X) the Borel 
cr-algebra on X and by Bc{X) the set of all elements in B{X) which have 
compact closures (sets from Bc{X) we call finite volumes). Additionally, we 
suppose given a complete separable metric space S. The corresponding Borel 
cr-algebra we denote by B{S). The elements of this space we call marks (they 
can describe e.g., internal degrees of freedom). 



2.1 The marked configuration space over a manifold 

We briefly recall the basic definitions of the simple configuration space over 
a manifold X for the reader's convenience. The presentation is very much 



based along the lines of the works by S. Albeverio et al. ||AKR98a 
The simple configuration space T 



Tx over the space X is defined as 
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the set of all locally finite subsets (configurations) in X: 

Tx := {7 C X I I7 n i^l < oo for any compact K C X}. (2.1) 

Here (and below) \A\ denotes the cardinality of a set A. For any F C X we 
define 

Ty := {7Gr||7n(x\r)| = o}. 

In this paper we are interested in a bigger space of configurations, the so- 
called marked configuration space, thus we proceed giving its abstract defi- 
nition. For concrete examples we refer to Subsection |3.2| . 

The marked configuration space flxiS) := Qx '■= ^ is defined by 

n:={uj = {(x, s)} G Tx^s\{x} =: 7. e F^, s G S}. (2.2) 

Equivalently Q can be described as follows 

Q:= {uj = {^^,s)\-f^erx,seS^-}, 

where 5"''" stands for the set of all maps 7^ 3 x t— > G 5. For any Y G B{X) 
we define in a similar way the space flyiS) := fiy. We sometimes use 
the shorthand Uy (resp. 7y) foi lu H (Y x S), Y C X (resp. 7 fl F) and 
X := (x, Sa;) G X X S. 

In order to define a measurable structure on Q we use the following family 
of sets 3, the "local" sets 

3:={B e B{X) X B{S)\3A G B^iX) with B cAx S}. (2.3) 

For any A G 2J define the mapping : Q Nq hj 

Na{uj) := \lj nA\, uj e Q, 

then 

B{n) ■=a{{NA\Ae3}). 
For any Y G B{X) we define the following a-algebra on Q 

Bri^) := (t{{Na\A e3, AcY x S}). 

For any Y G B{X) the a-algebra By{^) is isomorphic to B{Qy)- The 
"filtration" {BA{^))AeBc(x) is one of the basic structures in the definition of 
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the Gibbs measures, see Section ^ and ^ Moreover, if 1^1,1^2 ^ ^{^) such 
that Yi n F2 7^ 0, then fiy^uy^ is isomorphic to Qyi x ^¥2- 

Finally we want to give another useful description of the marked config- 
uration space Q. For any n E No and any Y G S{X) we define the n-point 
configuration space subset of ily by 

nP := nP{S) := {oj G f]y||cu| = n}, fif := {0}, 

and denote the corresponding a-algebra by B{Qy^). 
There is a bijection 

^ l]f \ n G N, F G (2.4) 

where 

(F X S)" := {((xi,Sa;J, . . . , G F, s^;^ e S,Xi^ Xj, for i 7^ j}, 

and S'n denotes the permutation group over {!,... ,n}. Since this bijection 
is measurable in both directions the natural cr-algebra on [Y x S)'^/Sn is 
isomorphic to i3(f2y ^). 

(n) 

One can reconstruct f2 from the sets Q\ using the following scheme. 
First notice that we can write for any A G Bc{X) 

00 

J7a = |_J 

hence the cr-algebra B{Q,a) is the disjoint union of the cr-algebras 8(^1^). 
For any Ai, A2 G Bc{X) with Ai C A2 there are natural maps 

PA2,Ai : ^Aa — ^ ^Ai, 
PAi : ^ — ^ ^^Ai 

defined by pa2,Ai(^^) := t^Ai, ^ ^ ^A2 (resp. Pai{uj) = uj\^, u & Q). It can be 
shown that {Q,B{Q)) coincides with the projective limit of the measurable 
spaces (fiA,i3(fiA)), A G B^X). 

Finally, we would like to introduce one more subspace of Q which plays 
a fundamental role in our calculations below, the finite configuration space 
^xjin ■=^fin- It is defined by 

^fin '■= £ ^1 1^1 < 00}. 
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The finite configuration space f2 jj„ has the following useful representation in 
terms of the n-point configuration spaces 

oo 

%n = U (2.5) 

n=0 

Analogously for ^yjin, Y £ ^i.^)- The space ^2/^ (resp. O^yjin) is equipped 
with the cr-algebra B{VLfin) (resp. BiyLyjin)) of the disjoint unions of mea- 
surable spaces {n^x\^iS^x^)) (^sp. {Sl^y\B{SlP)). 



2.2 Marked Poisson measures 

For constructing the marked Poisson measure on f2 we need, first of all, to 
fix an intensity measure a on the underlying space X. Thus, let us assume 
that (J is a non-atomic Radon measure on X. Additionally, we define a kernel 
T : X X B{S) M, i.e., Va; G X r(a;, ■) is a finite measure on (S', ^3(5*)) and 
r(-,y4) is i3(X)-measurable for all A G B{S). Moreover we assume that the 
following condition is fulfilled for any A G Bc{X) 

t{x, S)a{dx) < oo. (2.6) 

This condition will be essential in the estimates later on (cf. proof of Propo- 
sition ^:i3D . 



In the product space X x S* we define a cj-finite measure a'^ by 
a'^{dx,ds) := T{x,ds)a{dx), 
that means for A x B e B{X x S) 

a^{AxB)= / T{x,B)cx{dx), (2.7) 

J A 

which is a non-atomic Radon measure. 

For any Y G B{X) and n G N the product measure o"'^®" can be considered 

as a measure on (Y x S*)", cf. Lemma |A.16| in the Appendix. Let 

< :=a^«'^o(sym?.)-\ 
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be the corresponding measure on fiy^ where 

sym^ : (f^)" ^ \ 

given by 



sym^((xi, . . . , Xn)) := {xi, ...,£„}€ . 

Then we consider the so-called Lebesgue-Poisson measure v^a^ on B{Qfin), 
which coincides on each fl^^^ with the measure ^ci^ \ follows 

^^^^■■=J2^«^^x\ (2.8) 

n=0 

and (Jo(0) := 1. As a result Uza^ is a-finite. 2; > is the so called activity 
parameter. 

Considered as a measure on Qa, A G i3c(X), the measure Uza^ is finite 
with u.a-i^A) = e^^"(^^^). Therefore, we can define a probability measure 
Tfl'J^ on f^A putting 

T,A — -za^iAxS) 

The measure vrj;^^ has the following property 



which gives the probability of the occurrence of exactly n points of the marked 
Poisson process (with arbitrary values of marks) inside of the volume A. 

In order to obtain the existence of a unique probability measure 7il^ on 
{n,B{n)) such that 

we notice that the family {nl'J^\A G Bc{X)} is consistent, i.e., 

:'.^'°PaIm = e i3,(X), Ai c A2, 



and thus, by a version of Kolmogorov's theorem for the projective limit space 
Q (cf. ||Par67| , Chap. V Theorem 3.2] or Theorem p.l2| below) any such family 
determines uniquely a measure vrj^ on B{fl) such that nl'J^ = tt^^ °Pa^- The 
measure ttL is called marked Poisson measure. 
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2.3 Basic concepts in graph theory 



Now we are going to introduce some standard concepts of graph theory, see 



e.g., |Pre671] for more details. 

Let X be a non empty set. A partition of X is a family of non empty 
subsets (Xj)jg/ of X, called parts, such that Xi fl = for i ^ j and 
IJ^Xj = X. The set of all partitions of X where all parts are non-empty is 
denoted by ^(X) and by ^"(X) we denote the subset of partitions of ^(X) 
consisting of n parts. ^0(X) stands for the set of all partitions of n parts 
which might be empty. 

We now give the notion of a graph as well as some of its properties. We 
note here and henceforth that the graphs under consideration are undirected. 



see 



Ore67| , Chap. 1] for this notion. 



Definition 2.1 1. A graph G := G{X) is a subset of 

{{x,y} C X\x ^ y}. 

One calls {x,y} G G the edges of the graph and V{G) := X the vertices 
of the graph. The collection of all such graphs on X is denoted by C5(X). 

2. Given two graphs Gi E (S(Xi), G2 E ©(Xs) with n (^2 = 0, iheir 
sum graph is the graph given by 

Gi U G2 = {{x,y} C Xi UX2|{x,i/} E Gi U G2}. 

// Gi and G2 have no common vertices, then the sum graph is denoted 
by Gi ® G2- This procedure extends to an arbitrary family {Gi} of 
graphs. 

3. A graph G is called connected iff any pair of vertices is connected. The 
set of all connected graphs in X is denoted by 0^(X). We assume that 
the single point is a connected graph. 



Proposition 2.2 (cf. \0re6% Theorem 2.2.1]) Let G E ^ be given. Then G 
decomposes uniquely into a disjoint sum ®iGi of its connected components. 



Definition 2.3 A connected graph G is called a tree iff it has no loops. The 
set of all trees on X is denoted by T(X). 
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Proposition 2.4 (cf. \Ure61 , Theorem 4- 1-3]) The number of different trees 
which can he constructed on n given vertices is n""^. 



Remark 2.5 1. Since for any n > we have 

V2^n"e-" <n\< v/2^n"e-"exp ( — ) , 

- - ^^12(^-1);' 

it is not hard to see that < e^n!. 

2. We use the shorthand [n] for {l,...,n} and thus the symbol T([n]) 
denotes the trees in {1, . . . ,n}. 

2.4 *-calculus 



In this subsection we point out an algebraic structure (see, e.g. |[Rue64 



Rue69|| , and |[MM91|| ,) which turns out to simplify our notation and cal- 



culations later on. It will be very interesting to clarify more the related 
analytic and algebraic structure of this calculus. 

Let A be the set of all measurable (complex- valued) functions ip on fljin, 

i.e., 

A := {ip : flfin — ^ C,'?/' is S(J7/m)— measurable}. 

In A we introduce the following operation: for any ipi,ip2 G A and uj G 
Q fin we define ipi * i/j2 by 

(L^l,a;2)G<p2(^) 

which is ;B(njj„)-measurable because the restriction to fi^^ is of the form 

(^1 * ^2)({£i, • • • ,3;n}) = 5Z ^lii^S ^ ^})^2i{xj\j e J}). 

(7,J)G<p2([n]) 

The set A equipped with * and the natural vector space structure forms a 
commutative algebra with unit element 
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Notice that for any ■i/'i , . . . t/^^ G ^ we have 

{ipl* . . .*1pn)iuj) = ^ 1pi{uJi) . . .Ipni^^n), G (2.10) 

Let us define as a subset of A by 

Ao := G ^1^(0) = 0}. 
For any ip E A and 99 G we have 

(?/^*(^)(0) = ^ V'(o;i)y?(o;2) 

K,a;2)e?!2(0) 

= mm = o, 

thus it follows that ^0 is an ideal in A. 

Let us introduce the mapping exp* : ^0 — ^ 1* + -^0 defined by 

00 

exp* ^ := 5^ = r + ^ + + . . . + ^V^*" + . . . . (2.11) 

^-^ nl 2! n! 

n=0 

It follows from (|2.10|) that for any ip E Aq 

(exp*V')(0) = r, 

00 ^ 

(exp*?/')(a;) = ~| 5Z V^(cui) • • ■ ^/'(c^n), G %„\{0}. 

n=0 ■ (<^i,...,a;„)e?p-^(<^) 

Moreover, if we define the mapping In* : 1* + ^0 Ao by 
ln*(l* + V^) := ^ ^ V^*", 

n=l ^ 

then exp* and In* are inverse one each other. 

For simplicity, in what follows we introduce some notation: {x}^ denotes 
{xi, . . . , Xn} and a'^{dx)'^ denotes a'^{dxi, ds^J ■ ■ ■ a'^{dxn, ds^^) (analogous 
for Uz^T{duj)D. 

Next we prove some lemmas which will be useful later on. 
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Lemma 2.6 Let F^ipi, . . . ^ipn he B{VL fin) -measurable functions. Then the 
following equality holds: 

F{u){^i * ... * ^n){uj)uza^{duj) (2.12) 

fin 

F{ui U . . . U UJn)i^l{uJi) . . .i)n{uJ2)l^za^{duj)1, 

whenever all functions are positive or one side make sense for the modulus 
of the functions. 

Proof. Let Fjipi, . . .ipp be as aforementioned. Then the definition of u^aT 
on the right hand side of ( |2.12|) gives 



E r / / • • • / / FmT^-^'^''] 

ni,...,np=0 ""-l- • • • '^P- Jx"i Js"i Jx"P J S"P 



Then interchanging the second sum with the integrals and using the definition 
of Vza^ we derive the desired resuh. ■ 

Corollary 2.7 For any Y G B{X) and ip & A such that either ip positive or 
ip G L^(f2yjj„, z/^o-^) the following equality holds 

{exp* i/j){uj)uz„r{duj) = exp i ilj{uj)uz^^{duj) ] . (2.13) 

Y,fin \''^Y,fin 

Lemma 2.8 Let ip G A and A, A' G Bc{X) be given such that A' C A, 
suppose that ip G L^(f2A, T-'za-^)- Then the following equality holds 



{exp* i)){ujUuj')vz„r{duj) (2.14) 



^A\A' 



^A\A' / \'^f^A\A' 



= exp I / 'ip{uj)u;,„r{duj) ) exp* ( / lf7^,„^\{0}(-)^(- U u;)z/2^r((iu;) j (a;') 

\"'f^A\A' 

for u^^T-a.e. u' G Qa'. 
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The details of the proof are given in Appendix [A.l 



Definition 2.9 Let ip G A. We define a "differential" operator D by setting 
foruj.uj' e VLfin 

{D^,^){uj) := iPiiu U Lu'), if 7^ n = 0, (2.15) 
and {D^'iIj){uj) = otherwise. 



Remark 2.10 Let us mention that the operator D is related with the Pois- 
sonian gradient (see e.g., \KSS9T{j and \NV93^ ) by 



(V^^)(^,a;) = (D{,}^)H-^H. 
Finally, we state some properties of the operator D, which can be easily 



checked using the Definition 2.9. 



Proposition 2.11 Let ?/^, ^/^i, ■?/'2 E A, uj E Qfm, x,y & X x S , with x ^ y 
and X ^ 7^ then 

2. * ^2)] (^) = *i^2+i^l* (^{£}^2)] (^). 

3. [Z}|,.}exp*^] {u) = [(exp*^) * {u). 

3 Marked Gibbs measures 

In the previous section we introduced the probability measure vrj on (fi, B{VL)), 
the so-called marked Poisson measure, cf. Subsection |2.2| . Now we will de- 
scribe a more wide class of probability measures on namely, the 
marked Gibbs measures. In Subsection p.2| we state various examples and the 
associated marked Gibbs measures will be considered in Subsection W^- 
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3.1 Specifications, Gibbs measures, and global condi- 
tions 

A symmetric measurable function : {X xS)x [X xS) —>■ WU{+oo} is called 
a pair potential. For a given pair potential we define the energy functional 
E'f> : Vtfin ^ MU {+00} by 

E\u):= (3.1) 

{£,y}Caj 

with E'f>{%) ■= 0. 

Let u & Qfin and C G f2 be given, then the interaction energy between uj 
and ( is given by 

if Y I0(^>^)l<oo 
W'^{uj,C)-={ ^^""'^^^^ ^^"^'^^^ • (3.2) 

+00, otherwise 

For any A G Bc{X) the conditional energy Ef^ : Q ^ 'RU {+00} is defined by 
Et{u) = E<^(^a) + W''>{uja,ujx\a). 

Notice that the energy E"^ may be expressed for any uj,uj' E f2jj„\{0} 
such that ■y^ H 7^;' = as 

E^{uj U uj') = E^{uj) + E^{uj') + W{uj, uj'). (3.3) 

Now we can define grand canonical marked Gibbs measures. 

Definition 3.1 For any A G Bc{X) the marked specification 11^ '"^ is defined 
for any uo eVt, F E B{Vt) by (see ^Freld^ ) 

nr'^(^,F):=l^^..,.^^j(.;)[Zf'*(.;)]-i / lH^x\A U .;') (3.4) 
X exp[-/?Et(cux\A U uj')]u,,r{duj'), (3.5) 
where P > is the inverse temperature. is called partition function: 



Zl ''''{uj) := I exp[-f3E'l{uJx\A^uj')]u^ar{duj'). (3.6) 
Jqa 
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A probability measure fi on {Q,B{Q)) is called a grand canonical marked 
Gibbs measure with interaction potential iff 

/xnf '"^ = /i, for all A G (3.7) 

where for any F G B{Vl) the measure /xll^ ''^ is defined by 

(/inr'*)(F) := / nr'^(.;,F)rf/iM, 
Jo. 



and ^3. ?| j above are called Dobrushin-Landford-Ruelle (DLR) equations. 
Let Ggcicr'^ , (p) denote the set of all such probability measures fj,. 



Remark 3.2 1. It is well-known that {11^ ''^}k&Bc{x) is a {Bx\AiJ^)}\eBc{x)- 
specification in the following sense (see e.g., IFolld^ , j\Fre7(\ ], l[Fre79[ }), 
for all A, A' G Bc{X). 



(51) nf G {0,1} for allue Q. 

(52) nX"''^(-,F) IS Bx\a{^) -measurable for allY e B{n). 

(53) nX^'*(-,FnF') = ly.nf '^(-.r) for all Y e B{Q), Y' G Bx\k{^). 

(54) n^/* = nX/^nX"'* ^fAc A'. Here for anyujeQ,Y e B{Q) 

(nJ'X^'^)(^,r) := / nf'*(^',F)nJ'^(.;,d.;')- 

Jn 

2. R can be easily shown that because of ( ^.Sj for all A G Bc{X), u & Q, 

F G B{n) 

+ / ]lF(^x\AU{a;}^)exp[-/5E^a;x\AU{a;}^)]a^(rfx)n, 



n=l 

where 



OO ^ n 
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3. From properties (S2) and (S3) a probability measure ^ on {Q, B{Q)) is a 
grand canonical Gibbs measure iff for all A G Bc{X) and all Y G B{Vt) 

¥.^[\Y\Bx\Am = nf •'^(■, Y)^i- a.e., 

where for a sub-a -algebra S C B{VL), E^[-|S] denotes the conditional 
expectation with respect to fi given S. 

Furthermore, we want to state the notion of correlation functions. 

Definition 3.3 For any m G N and A G Bc{X) we define the m-point cor- 
relation function pjf^^ : n^'' M (with empty boundary condition) by 

Za '^(0) ^ ^' i(Ax5)" 

We now formulate the conditions on the interaction which will be used in 
the next section. 

(S) (Stability) There exists B > such that 

E'^'itu) > -B\uj\, for any oj G ^fin- ("^-S) 
(I) (Integrability) We assume the following integrability condition: 

C(/5) := esssup / / le-^'^^^''^^'^^^'*)) - l|r(a;, ds)a(dx) < oo. (3.9) 



Only in Theorem we also need the following notion 
(F) (Finite range) There exists R> such that 

0((x,s),(y,t)) = O, if dix,y)>R (3.10) 
where d denotes the Riemannian distance on X. 

Remark 3.4 1. In the case X = M.'^, S = {s}, a Lebesgue measure on 
W^, t{x, ■) = 6s Dirac-measure, and for translation invariant potential (j) 
the above integrability condition (I) reduces to the standard integrability 
condition, see e.g., j^ueU^. 



2. The stability condition i\3. 8^ ) implies that for every u G flfin there is 
Xo G u; such that 

J2 0(^^0,5^) > -25, (3.11) 
in particular, is bounded below. 
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3.2 Examples 



Below we give some examples which illustrate different kinds of marked spe- 
cifications arising in models of statistical physics. These examples can be 
handled in our framework and we will give more details on the construction 



of the marked Gibbs measures corresponding to them in Subsection 5.4. 



Example 3.5 Let X = Mf^, S = M} be given. As intensity measure a we take 
the Lebesgue measure on M'^ and the kernel r is independent of the position 
and has support in a compact set. 
The potential is given by 



s^), (y, Sy)) := ^{\x - y\) + J(|x - y\) 



where $, J are measurable functions on M, such that exist a R, e, Ci, C2 > 
with $(r) > Cir~'^ for all r < R and |$| < C2r~^~'^ for all r > R. J is 
positive, decreasing with the distance and for some a > 

J{\ax\) < 00. (3.12) 



This model describes a ferromagnetic interaction in fluids, cf. l\RZ93i , Sect. I]. 
The authors showed the breaking of the discrete symmetry corresponding to 
the spin. 



Example 3.6 Let X = M 6e endowed with Lebesgue measure dx and S = T 
be the one dimensional torus with measure r given by T{x,d9x) = ^d9x (we 
parametrize the torus by 9x G [0, 27r) ). The potential is of the following form 

9x), (y, 9y)) := $(|x - y|) - J{\x - y\) cos(^. - 9y), 

where $, J are measurable functions on W'' , J > which fullfil the following 
conditions: there exist i?, e, Ci, C2, C3 > such that 

1. $ (r) - I J (r) I > Cir-'^ for all r < R. 

2. 1$ (r) I < C2r"'^~^ for all r > R. 

3. I J (r) I < Csr-'^-' for all r > R. 
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This model describes a classical gas of planar rotators. 

Example 3.7 We consider as X the Euclidean space with Lebesgue mea- 
sure and the space of marks S = {1, . . . ,q}. The potential is given by 

s^), {y, Sy)) := ip{x - y){l - + ip{x - y), 

where Ss^,sy is the Kronecker symbol and ip,ip : M."^ — — oo, oo] are measurable 
functions. We assume that there exist < ri < r2 such that 

(Al) ( repulsion of ip) > 0. 

(A2) (finite range of if) ^{x) = when \x\ > r2. 

(A3) (strong stability and regularity ofip) either ip >0, or ip is superstable 
and lower regular in the sense of \Rue7(\] . 

(A4) the positive part of ip satisfies 

I il)+{x)dx < oo. 

J {x\\x\>ri} 

This model is known as continuum Potts model, cf. \GH9d^] . 

Example 3.8 Let C^{W^) be the Banach space of all continuous functions 
s : [0,6'] with s(0) = s{9) and 9 = -j^, ks denotes the Boltz- 

mann constant and T the temperature. On C^{W^) we consider the measure 
Wx,x{ds)dx, where dx denotes the Lebesgue measure on and Wx,x{ds) the 
conditional Wiener measure, which is concentrated on the trajectories start- 
ing and ending in x &W^. In this framework the potential is of the form 

0(si,S2) := / V{s^{t)- S2{t))dt, 
Jo 

where V G L-^(M'^) and satisfies 

n n 

^ ^ V{x^ - Xj) > -En, Vxi, . . . x„ G M''. 

i=l j=i+l 
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Our aim is to handle the loop space as a marked configuration space putting 
X = equipped with the Lebesgue measure. It would be natural to consider 
as mark space at the point x E X the space Cl{X) of all loops starting and 
ending in x. In our setting we are forced to put S = C^{X). A point in 
s G C^{X) is then interpreted as a pair (s(0), s) and denoted by (x, Sx). The 
kernel r is given by r{x,dsx) := W^^xidsx). This implies, in particular, that 
the space C^^i-^) /"^^ ■) -measure. In Subsection |5.^ we will consider 
this in more details. 

This model is related to the path space representation of the states in 
quantum statistical mechanics for Maxwell-Boltzmann statistics. A beautiful 
description of this connection for the standard density matrices is given in 
IGinll^ . Ginibre also considers the cases of the Bose-Einstein and Fermi- 
Dirac statistics. Ginibre does not use any concept of Euclidean Gibbs mea- 
sure in his considerations, rather he introduce special version of correlations 
functions for which he constructed cluster expansion, etc. The concept of 
Euclidean Gibbs measures in quantum statistics was introduced in the paper 
KLR^Qlj]. This example shows that it is natural to interpret such objects as 



marked Gibbs measures. 



4 Cluster expansion 

In this section we derive the cluster expansion of the Gibbs factor e~^^'^^'^\ 
see ( |4.6|) below. Moreover we perform some estimates which will be used in 
Section ^ to prove the existence of the marked Gibbs measures, cf. Theo- 
rem |5T 



4.1 Cluster decomposition property 

Definition 4.1 For any G fi/j„ we define the function k by 

A;(cu) :=ln*(e-^^')(c^), (4.1) 

or equivalently 

(exp* fc)(cu) = e-'^^'H^ 
where E'^' is defined in ^3. k is called Ursell function see e.g., l\Rue6m . 
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Proposition 4.2 The partition function ''^(0), A G Bc{X) has the fol- 
lowing representation 



Zl •^(0)=exp / k{uj)u,Aduj)], (4.2) 

VJnA\{0} / 

^za^), c.f. Corollary [(.14 below. 

Proof. This result follows from the fact that e"^^'*'-'^-' = (exp* A;)(ti;) and 
Corollary ^ ■ 

Proposition 4.3 The Ursell function k allows the following representation 

K^) = E n (e-^*(''^) - 1), ^ e 

Ge0=(a;) {x,y}&G 

and A;(0) = 0. 

Proof. According to the definition of the energy E'f> (cf. (|0|)) we have 

^-PEl>{uj) ^ J-j- g-/39i(x,y) 
{x,y}Cuj 

= 5Z n (e-^'^^"'^) - 1). (4.3) 

G&<S{lo) {x,y}(iG 

Recall that every graph G can be decomposed into the direct sum of its 
connected components, i.e., G = Gi, where Gi is a connected subgraph 
and {V{Gi)} is a partition of u, (cf. Subsection ^l3| ). This yields 



oo ^ n 

E n E n - 1). (4.4) 



=0 (a;i,...,<^n)e<P"(a;) «=1 Gie©'=(a;i) {x,y}&Gi 



Define k for any u G i7/,in\{0} by 

fc(c^) := 5^ n (e"^"^^"'*^ - 1), (4.5) 

and A;(0) = 0. The expression for e"^'^'^'-'^-' can be written as 



which is nothing but exp* k. Thus k = k and the result follows. 
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Remark 4.4 The equality 



-f3E'l'(oj) 



5^- kM---kM, (4.6) 



=0 (aji,...,a;„)G'P"{(^) 



zs known as the cluster decomposition of the Gibbs factor e i^^'^'i^) _ We also 
notice that the function k is B{Q fin) -measurable. 

Proposition allows the following representation for the specification 
n-^'^(0,F) = ^^^ / lF{u;)exp*{k){u;)u^^r{du;), F e B{Q) 



where (0) is given by 

The next proposition gives a relation between correlations functions (see 
Definition 13.3) and Ursell functions. 



Proposition 4.5 Let uj G A G Bc{X) be given. Define 

k{uj,uj') := (exp*(-A;) * D^e-^^')(cu'), 
for 7^ n 7^/ ^0. Ifke L^{Qa, Vza-) (cf ( ^^ ) below), then 



Proof. It follows from the definition of p^"* and ( |4.2|) that 

pf)(a;;0) = expf- / k{u')uz^.{duj')] [ {D^e-^^'){uj')uz^.{duj'). 



Now taking into account Lemma ^]6| with F = 1 and Corollary |2.7| the above 
equality gives 

[ (exp*(-A;) * D^e~^'^')iu')u,^r{diu'). 

■ 

Let us now derive an explicit relation between k and k. 
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Lemma 4.6 Let u G f2jj„\{0} be given and suppose that x E uo. Then k 
and k are related by the equation 

k{{x},u\{x}) = k{Lu). (4.7) 

Proof. By definition of k and Proposition |2.11[ -3 we have 

k{{x},uj\{x}) = (exp*(-A;) * D{£}exp*(A;))(u;\{x}) 

= (exp*(-A;) * exp*(A;) * D{s:}k){uj\{x}) 

= {D^,yk){u\{x}) 

= k{uj). 

Hence the result is proved. ■ 

Remark 4.7 Notice that for any uj,uj' G fi/j„\{0} with ("170;' = ^,k may 
be written as 

00 ^ 

k{uj,uj')=^- ^ k{uJiVJuj[) . . .k{uJiVJuj[), 

1=1 • (a;i,...,c.,)6<P'MK,...,a;J)e<P^(c.') 

which is the same as the sum of all graphs where each connected component 
has at least one vertex in the points of uj, cf. ^MM91\ , Chap. 4]- 

Our aim now is to find a bound for k. First we derive an equation of 
recursive type for k. Let ^ ^/m be such that 7a; fl 7(^ = and Xq an 
arbitrary fixed element in u;. To this end we look again into the definition of 
k which can be expressed as 

HcoX) = 5^(exp*(-A;))(CV)^{.o}e-^^'(^\^'"^""'^ (4.8) 

t<;'CC 

Having in mind the decomposition ( |3.3| ) for E'l' one obtains (taking into 
account (B.2|)) 



e ^" "■-"J''- 11 ^ 



■f3W{{£o},uj') ^ J-j- g-/3</.(xo,x) 
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where 

K"i£o) ■■= n (e"^^^""'"^ - !)• 

xeuj" 

According to equation ([4.8| ) k can be formulated as 

k(ujX) = e-^^«*o>'"\^^'«>) ^(exp*(-A;))(CV) 

Interchanging the two sums the right hand side becomes 

u;"cC 

(^"Cui'C^ 

and the second sum may be rewritten as 

J2 {exp*{-k)){C\{u; U ^"))e-/5^^-\{-o}u^u..") 
ticCV" 

= E (exp*(-fc))((CV)\^)(^.\{i.}u."e-^^')(^). 
Therefore k can be expressed as 

x(exp*(-fc) * (D^\{,.,}u."e-^^')(CV')- 
Finally, taking into account the definition of k we arrive at 

k{uj, C) = e-^^«^o>''^\^^o» ^ fc^K£o)^(^\{:£o} U uo', CW). (4. 

According to the definition of k we have for the case u; = that ^(0, () 
1*(C), where 1* is defined by ( p^ . 
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4.2 Convergence of cluster expansion 

We want to derive now a bound for \k{uj, () \ which will be used later on in the 
main estimation in this section (cf. [4.17|) . The idea is to define a function Q 
dominating k which fulfills an equation similar to (|4.9|) which can be solved, 



see Proposition [4.10| below. 

Let us choose a mapping I : Qfin X x S, uj ^ ^i^) ^ such that the 
following equation is fulfilled 

J2 ^{x,I{Cu))>-2B. (4.10) 

Such a mapping exists by the stability condition, see 
Of course given I and k, (WM) implies 



kiu, C) = exp -P J2 '^(^' ^(^)) E k^'iH^))H^\H^) U ou', C V)- 

y x(^uj\i{uj) J w'cc 

(4.11) 

Now we can start defining Qj inductively. For = we define 

g(0,C):=r(C), (4.12) 

and by definition of A;(0, C) we have |A;(0, C)| < Q/(0, C)- 

Assume we already have defined Qi for all a;, C G fi/m, 0, luj^lc = 0, 
and U CI = n such that 

|fc(^,C)l<Q/(^,C) 

is satisfied. Then if ci;,C G ^fin, are such that 7^ 0, fl 7^ = 0, and 
|ti;UC|='"'+l, we have, applying (|4.10| ) and (|4.11|) 



\Hco,C)\ < e'^^ Yl |A:.'(/M)IQ/(^U(^) Uc.',CV)- 



Thus we define 
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Remark 4.8 The solutions of the equations and ( 4-1'^ ) exist and are 

unique. Let us explain this in more details. On the one hand the equations 
are linear, on the other hand the value at the point (a;,C) for \uj\ + |C| = n 
only depends on the values at points {oj, C) I'^l + ICI = n — 1, thus the 
corresponding matrix is an strict upper triangle matrix for a suitable choice 
of the bases. 

Hence we have the following proposition. 

Proposition 4.9 For I and k as above, there exists a unique solution Qj of 
the equation ( U-l^j ) with the initial condition ( U-i^ ) which dominates k, i.e., 
for any uj,( ^ ^fin, such that n ■y^ = ^ we have \k{Lj, ()\ < Qi{lj, (). 

The next proposition gives a solution for the equation ( ^. 13| ) which does 
not depend on the choice of /. 

Proposition 4.10 Let ^ ^fin with 7^ H 7^ = 0. The solution of ^.1!^ 
for oj = {xi, . . . , xi}, I > 1 has the form 



Q{{xi, . . . ,xi},C) 



^ Qi{xi}, wi) ■ ■ ■ Qi{xi}, ui] 



(4.14) 



where 



f'*' E n 

TGX({x}uC) {y,y'}&T 



-my,y') _ XI 



(4.15) 



TGX({x}uC) {y,y'}&T 

3 we define (5(0, C) in 
The proof of this proposition is notationally quite involved because of the 



for C 7^ and Q{{x}, 0) := e^^-^. In the case uj 

(KM)- 



"reordering" of graphs, therefore we give the details in Appendix |A.2 
As a result we have the following proposition. 

Proposition 4.11 For any u!,( ^ ^fin such that c<j 7^ 0, 7^^ fl 7^ = 0, and 
OJ = {xi, . . . , xi}, I > 1 we have 



\HujX)\ < Qi{xu...,xi}X) 



'Q{{£i}Xi: 



{Ci,...,COG?!UC) 
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and 



(4.16) 



Proof. The first part follows from the previous proposition and the second 
part follows from the relation between k and k (cf ( |4.7| )) and ( |4.15| ). ■ 

Using the fact that the sum in the function Q is only over trees we can 
give also estimates for integrals. 



Lemma 4.12 For every x & X x S , Y & ^{^)> <^iT'd n > 1 we have 



Qm,{y}i)^^idyri 



(4.17) 



YxS 



We refer to the Appendix [A.3| for the proof of this lemma. 
Proposition 4.13 Let A G Bc{^) be given. Then for any z such that 



\z\ < -(e'f^^cm-\ 



where C(/3) is given by integrability condition (^^, we have 

\k{u U U!')\h'za-^{du!)h'za-'-idLj') < OO. 



Qa\{0} 



(4.18) 



Proof: Using the definition of z/^o-^ and the relation between k and k (cf 
( |4.7| )) we may write ( |4.18| ) as 



EE 



1 m=0 >/(Ax5)" J(Xx5)™ 



|^(K}, {xjr^ U {y}r)\o^{dx)la\dy)'^. 



According to Proposition [4.11| and Lemma [4.12| we can bound the above term 
by 



n=l 771=0 



n\m\ 



a'^{dxn)- 



(AxS) 



(4.19) 
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Using the fact that {n + m)""'"™' ^ < e'""'""(m + n)\ (c.f. Remark P75|.l.) we 
estimate ( |4.19|) by 



t{x, S)a{dx) 



oo oo / _|_ \l 



' m=ln=0 

from which the result follows. ■ 
As a consequence of the last proposition and Fubini's theorem we have 
the following corollary. 

Corollary 4.14 For any A G Bc{X) we have (notice that A;(0) = 0, see 
Proposition 

\k{uj)\vz„r{duj) < oo, (4.20) 



'Ha 

and for Uza^-a.a. uj' G f2/m\{0} 



\k{ijj U u)')\vz^r{duj) < oo. (4.21) 



5 Construction of marked Gibbs measure 

5.1 Limiting measures from cluster expansion 

Below we construct the marked measure yU on f2 as a limiting measure of 
the specification 11^ '"^ for the empty boundary condition in the weak local 
sense (cf. Theorem |5.3|) . Some sets of full /i-measure are considered (cf. 
Proposition |5.4|) . For the case that the potential has finite range we also 
give an easy proof that the resulting limiting measure satisfies the DLR 
equations, cf. Theorem All results extend to separable standard Borel 
spaces. This is explained in some details in Subsection |573| . Finally, we show 
in Subsection |5.4| how to apply the abstract results to the examples given in 



Subsection 3.2 
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Lemma 5.1 For any A, A' e Bc{X) such that A' C A and F G B{Qa') the 
specification ''^(0,p^,^(F)) has the following representation 

nf(0,F) :=nf'^(0,px/(i^)) 



A\A' 



where 



Z^'(0):=exp / / k{ujUuj')u^^r{du')u^^r{du) 

\Jnj^,\{(l>} Jn^^^, 

Proof. This is a result of the following direct calculation 



nf'*(0,PX/(i^)) 



IK 



l^j {lu') exp [-PE'I' (lu') ] v,,r {dJ) 



-1 



A' 



X / Qy:^\—l5E'^{ujUuj'y\Vza^{duj')vza^{duS). 



A\A' 



Because A; G L^(i7A, ^^zo-^) ( cf. Corollary 4.14 ), using Lemma the inner 
integral can be rewritten as follows 



exp[-/3E'^(cj U uj')\v^„r {dJ) = / (exp* k) {uj U 



A\A' 



A\A' 



exp / k{uj')iy^„T{duj') ] exp* I ln^^^\{^{-) k{uj' U ■)u^^T{duj') ]{uj). 



A\A' 



A\A' 



Proposition 5.2 Lei A, A' G i3c(X) 5e siic/i i/iai A' C A. 
1. Let k^ be defined by 



k^ (uj) := lf7^^^\{0}(c^) / k{ujUuj')u^^r{duj') 



(5.1) 



A\A' 
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Then for Vza^-a.a. uj G f2jj„\{0} we have limA/'x ^a'('^) 
where 



X\A'jin 



2. We have also that \imA^xZ^'{^) = Z^'(0), where 



k'^'iuj) = ln,,„\{0}(^) / Huj U u')iy,^.idu'). (5.2) 



(0) = exp ( / fc^ {uj)iy,^r{duj) ] > 0. 



(5.3) 



Proof. We would like to estimate the following quantity 



k{uj U Uj')Vza^{duj') 



X\A'jin 



According to the definition of k^ the above quantity is estimated by 



/ 



\k{uj U uj')\h'za-^{duj'). 



(5.4) 



^X\A' ,fin\^A\A' 



Now let {A„|r2 G N} be a sequence of increasing volumes such that A„ X. 
Then ^a„\A' /" ^x\A'jin- On the other hand (|4.21| ) guarantees that there 
exists a i/^o-^-nuU set G B{Qfin) such that for all u G Qfin\{N U {0}) 

[/^(co' U a;')|z/2o.T((ici;') < oo. 

^ fin 

Therefore by Lebesgue's dominated convergence theorem it follows that ( |5.4|) 
goes to zero for all fixed u G Qfin\{N U {0}). Hence part |l] is proved. 
To prove part we note that 

\kAi^)\ < / |fc(^U ^^')WzcT^{diu'), 

and thus 

/ \kA{uj)\iyza^{duj) < / / \k{ujUuj')\u^^T{duj')u^„r{duj) < oo, 

(5.5) 
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because of ( ^4.18| ). This implies that 

hm / {uj)h'za^{duj) = / / k^U U Lj')h'z„T(dLj')h'za^{dLj), 

and, of course, taking exponential, and having in mind the form of k^' in 
(15.21), the desired result flO) follows. ■ 



Theorem 5.3 For any z such that \z\ < ^(e^^^C(/3)) ^, where C{P) is 
given by integrability condition (\3.!^ , the specification 11^ '''^(0, du) converges 
in the weak local sense to a measure fi, i.e., for any bounded Ba' -measurable 
function F we have 

[ F(.;)nf ■*(0,ci^) ^i— / Fiu;){e^p*k^')iu;)u,^r{dw), 



and thus 



/'(rf^) = ^X^(^^P* k^'){^>zAdu^). (5.6) 



Proof. Let F be as stated above, then Lemma |5.1| implies 

^AW-^f^A' n=0 ^■(<^i,...,c.„)gq3"Hi=l 

where F = f op^i. According to Proposition |5.2| we know already that Z^{^) 
converges to (0). In order to use the Lebesgue dominated convergence 
theorem one should estimate the integrand by a function which is integrable 
and independent of A. An appropriate bound is 

oo ^ n „ 

E n/ \k{c,uu,)\vzAdo 

n=0 ■ (cji,...,Lj„)e«P"(a;) i=l "^^xVA'./in 

= exp* /" |MCU-)k..^(^C)) M- 

Moreover, the integral of the bound is given by 

/ exp* j lf^^^^\|0}(-) / \k{C,y^■)\vz^r{dQ j {uj)vz^r[duj) 

/ / \k{C,^ oj)\i^zar{dC,)yzar{duj)\ < oo, 



exp 
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because of Corollary |2.7| and ( 4.18| ). Therefore we have the desired result 



The measure from Theorem [5.3| is not concentrated in all il, indeed we 
have the following: 

Proposition 5.4 Let A be a B{X x S) -measurable set such that (y'^{A) = 0, 
then the set of marked configurations not touching A, i.e., 

Q = {u = (7, s) eQ\{x, s^) e A", Vx G 7}, 

has full fi-measure. 

Proof: Let us prove that fJ'{Cl'^) = 0. To this end we write Cl'^ as 
fl^ = {uj = (7, s) G Q\{x, Src) G A, for some x G 7} 

= U ^aI({^ = (7, s) G ^aJ{x, s^) G a, for some x G 7a„}). 

nGN 

Therefore 

00 

<X1'"^"({^= (7,s) enAjix,s^) eA, for some X G 7aJ). 

n=l 

Since fi^" <^ Uza^ (cf. ( |5.6|) ), it is enough to prove that 

i^za^ii^^ = (7, s) G s^) G v4, for some x G 7a„}) = 0. 



According to the definition of z/^o-t (cf. ( |2.8| )) the left hand side of the above 
equality yields 



00 



y] — r<({(^i' • • • , £m) e (A„ X S)"'/S^\xi G A for some i}) 
^ — ^ ml 

m=0 

00 ™ 

< $^^(cr^(A„x5)r-V-(A), 



ml 

m=0 



which is zero since cr'^iA) = 0. ■ 

Remark 5.5 Since the projections of tempered Gibbs measures at arbitrary 
temperature and fugacity are absolutely continuous with respect to the Lebesgue 
Poisson measure (cf. lRue6^\] and ^KS^] ) the above considerations extends 
also to all Gibbs measures. 
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5.2 Identification with Gibbs measures 

If we additionally assume finite range of the potential, then it is a direct 
consequence that the limit measure from Theorem |5.3| verifies the DLR equa- 
tions. Without this additional assumption a more detailed consideration is 
necessary, see. [[KKS|| and [|Kun98|| . 

Theorem 5.6 For any finite range potential (c.f. \3.10i ) the measure n 
from Theorem |5.5| fulfils the DLR equations. 



Proof. Let A G Bc{X) be given. Then there exists a A G Bc{X) such that 
A C A and s^), {y, s^)) = if x G A and y G A'^. Whence the interaction 
energy is 

W{uja,ujx\a) = ^ Y1 ^(^^y) = 5Z 5Z = ^(^a>^a\a)> 

and the sums are finite. Let F be a "locally" measurable set, i.e., there exists 
A G B^{X) with F G Bj^{n), then 

TT^^'^f T7\ ^{^f •^<oo}('^A\a) f . -ISeUCU^-,,.) 

^A ' I^A\aJ -^^a 

which implies that 11^ ''^{■,F) is a bounded i3y^^^(Jl)-measurable function. 
Additionally, we have for all A' G Bc{X) with A C A' 

/ Ul^'fico,F)Uiy{iD,dco) = nJ'*(0,F), 
Jn 

(cf. Remark [3l^(S4)). Since 11^, ''^(0, ■) — /x in the weak local sense also 

/ nf"^(a;,F)nX:'^(0,cio;)^ / '^(o;, F)/.(cia;) 
Jn Jn 

for A' y X. Moreover, 11^, ''^(0, F) IJ^^F) which implies the DLR equations 

/ ir;'\u;,F)^^{du) = ^^{F). 
Jn 
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5.3 Extension to standard Borel spaces 

In this subsection we will present a natural generalization of our results. 



Except in Theorem and |5.6| we use nothing else than the measurability 
structure of X and S and there we only apply the theorem of Kolmogorov for 
projective limits. Thus the construction works as well for X and S separable 
standard Borel spaces. To this end we recall the definition and properties of 



separable standard Borel space, see e.g., ||Coh93|| , [peo88|| and |Par67 



Definition 5.7 Let (X, 5^) and he two measurable spaces. 

1. The spaces (X, 5^) and (X',^') are called isomorphic iff there exists a 
measurable bijective mapping f : X ^ X' such that its inverse f~^ is 
also measurable. 

2. (X, ^) and (X', '^') are called a-isomorphic iff there exists a bijective 
mapping F : ^ ^ ^' between the a-algebras which preserves the opera- 
tions in a a-algebra. 

3. (X, ^) is said to be countable generated iff there exists a denumerable 
class Ti C d such that D generates ^. 

4. (yX,^) is said to be separable iff it is countably generated and for each 
X E X the set {x} G 



Definition 5.8 Let (X,^) be a countably generated measurable space. Then 
(X, 5^) is called standard Borel space iff there exists a Polish space (X', 
(i.e., metrizable, complete metric space which fulfills the second axiom of 
countability and the a-algebra ^' coincides with the Borel a-algebra) such 
that (X, ^5") and {X' , B {X')) are a-isomorphic. 



Example 5.9 1. Every locally compact, a-compact space is a standard 
Borel space. 

2. Polish spaces are standard Borel spaces. 

We have the following proposition, cf. | )Par67| , Chap. V, Theorem 2.1]. 
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Proposition 5.10 1. If{X,^) is a countable generated measurable space, 
then there exists E C {0,1}^ such that (X, 5^) is a-isomorphic to 
{E,B{E)). Thus (X,^) is a-isomorphic to a separable measurable 
space. 

2. Let {X, ^) and {X', be separable measurable spaces. Then {X, ^) is 
a-isomorphic to {X', iff they are isomorphic. 

Finally we state some operations under which separable standard Borel 
space are closed, see e.g., ||Par67|| and ||Coh93| . 

Theorem 5.11 Let (Xi, ^i), {X2, ^2), ■ ■ ■ be separable standard Borel spaces. 

1. Countable product, sums, and union are separable standard Borel spa- 
ces. 

2. The projective limit is a separable standard Borel space. 

3. Any measurable subset of a separable standard Borel space is also a 
separable standard Borel space. 

We need also a version of Kolmogorov's theorem for separable standard 
Borel spaces. 

Theorem 5.12 (cf. ^Par6% Chap. V Theorem 3.2]) Let (X„,3^„), n e n 
be separable standard Borel spaces. Let (X, 5^) be the projective limit of the 
space {Xn,^n) relative to the maps Pn^m '■ ^m, rn <n. //{/injnGN is a 

sequence of probability measures such that fin is a measure on Jn) and 
fJ^m = fJ'n ° Pnln /^'^ ^ — ''^Z then thcrc exists a unique measure /i on (X, 
such that fin = fJ' ° Pn^ for all n & N where Pn is the projection map from X 
on X„. 

This theorem can be extended to an index set / which is a directed set 
with an order generating sequence, i.e., there exists a sequence (a„)„gN in / 
such that for every a G / exists a n G N with a < an- 

Let us now apply this general framework to our marked configuration 
space Q. 

We assume, therefore, that (X, X), {S,&) are separable standard Borel 
spaces. 

To use Bc{X) makes in this generality no sense, hence we have to intro- 
duce an abstract concept of "local" sets. Let Jx be a subset of X with the 
properties: 
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(11) Ai U Aa G 3x for all Ai, A2 G 3x- 

(12) If A G and A e X with Ac A then A G Jx- 

(13) There exists a sequence {A„,n G M} from 3x with X 
such that if A G then A C A„ for some n G M. 



U„GN and 



Then we can construct the marked configuration space as in Subsection 1271 



replacing Bc{X) by 3x- Our aim is to show that {^l,B{n) is a separable 



standard Borel space and thus by Theorem |5.12| the measure in Theorem |5^ 
exists. 



It follows from Theorem |5.11| that for any A E Jx and any n G N the set 
(A X 5*)" is a separable standard Borel space. Therefore, by the same argu- 
ment (A X S)^/Sn is also a separable standard Borel space, see e.g., |[Shi94 



Now taking into account the isomorphism (cf. p.4|) between (A x S)"'/Sn and 
n'-^^ the same holds for ^^^\ Hence is also a separable standard Borel 
space as well as by Theorem |5.11| , 



Finally, the marked configuration space itself is a separable standard 
Borel space as the projective limit of the separable standard Borel spaces 

inA,BinA)),Ae3x- 

Furthermore, if on (X, X) is given a non-atomic measure a with a (A) < 00 
VA G 3x and a kernel r : X x ^ M which fulfills ( p.6| ), then the procedure 
from Subsection p.2| can be done in an analogous way and as a result we 



obtain a probability measure vrj^, z > on (^2,^(^2)). Specifications and 
marked Gibbs measures can also be defined analogously, see e.g., ||Pre80| . 
All the contents of Sections ^ and ^ generalize straightforward and only in 



Theorem we need the assumption that the spaces are standard Borel. In 
Theorem 



]6| we have to generalize the notion of finite range, actually we use 
in the proof only the following property: For any A E 3x exists a A' G Jx 
such that A C A' and 0((a;, s), {y,t)) = ii x e A and y G X\A'. 



5.4 Examples revisited 

Here we will verify that our framework is sufficient to treat the examples 
stated in Subsection |3]^. Therefore the main task in this subsection is to 
verify the stability condition (S) (cf. ( p.8|) ) and integrability condition (I) 
(cf. (|3l9|)) for each of the examples in Subsection |3]^. This enables us to 
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apply Theorem p.3| to the considered examples and therefore give us a limit 
measures corresponding to the specifications under consideration. 

Proposition 5.13 Let cf) he a potential on X x S bounded below, then the 
following three conditions are equivalent 

(i) the potential fulfills the integrability condition. 

(a) there exists a a > such that for 

Aa:={{x, Sx) e X X S\ (f){{y, Sy), (x, s^)) > a} 

the following is fulfilled: 

ess sup a'^{Aa) < +00 

{y,Sy)(^XxS 

and 

esssup / \(l){{y, Sy), {x, Sx))\t{x, dsx)<j{dx) < +00. 

{y,Sy)€XxS J{XxS)\Aa 

(Hi) For every y E X x S there exists a Ny E B{X) ® B{S) such that 

esssup a'^{Ny) < +00, 

yeXxS 

and 



esssup / \(f){{y,Sy),{x,Sx))\T{x,ds^)a{dx) < +00. 

{y,Sy)eXxS J{XxS)\Ny 



In particular, integrability condition (I) (cf. I \3.!^ ) is independent of (3. 

Proof. Denote the lower bound for cf) by B' . Using the fact that there exist 
constants Ci, C2 > such that 



37 



we see that (i) and (ii) are equivalent. Obviously, (ii) implies (iii) if we put 

N{j := {x E X X S\ (f){y, x) < a}. Conversely, using 

{x e X X S\ (f){y,x) < a} 

= {{x e X X S\ (f){y, x) <a}n N^) L\ {{x e X x S\ (p{y, x) < a}\N^) , 

we obtain that also (iii) implies (ii). ■ 
Thus we have the following sufficient condition for the integrability con- 
dition. 

Corollary 5.14 Let X be a Riemannian manifold (d denotes the metric on 
X). Let us assume that there exists R> such that 

esssup / \(j){{y, Sy), {x, Sx))\t{x, dsx)cr{dx) < +00. 

{y,Sy)eXxS J{{x,s^)eXxS\ d{{y,Sy),{x,s^))>R} 

Then the above conditions are fulfilled. 



Proposition 5.15 1. Let 01, 02 be two stable potentials then also (pi + (f)2 
is stable. 

2. Let 01,02 be two potentials which fulfil the integrability condition then 
01 + 02 also satisfies the integrability condition. 

3. A potential bounded from below by a stable one is stable itself. 



Example |3.5| $ is integrable on > R} and because of monotonicity of 
J there exists a C > such that 



f J{\x\)dx < C J] J(a|g|) 



< +00. 



We can bound the potential below by 

0((x, s,), {y, Sy)) >mx- y\) - K\J{\x - y\)\, 

forK := sup^gs^pp^ |sp and this potential is stable according to the Dobrushin- 
Fisher-Ruelle criterium (cf. Section 3.2.8 in |[Rue69|| ). This potential fulfills 
also the integrability condition because we can bound it above by 



mx,s,),{y,Sy))\ < m\x-y\)\+K\J{\x-y\ 
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and this is integrable on {|x| > R}. 



Example |3.6| The arguments are analogous to the above case. 

Example |3.7| On the one hand in this model the potential is bounded below 

by 

(j){{x,s^),{y, Sy)) > ilj{\x-y\), 
and thus stable. On the other hand its modulus is bounded above by 

|0((x, s^), {y, Sy))\ < ip{\x - y\) + \ip{\x - y\)\, 

whence it fulfills the integrability condition, because the lower regularity of 
implies that also V'- is integrable. 

Example |3.8| The potential is stable since for all {(xi, si), . . . , {xn, 



n n „g „s 

E E / V{s,{t)-s,{t))dt>-nB / 
i=i j=i+i Jo Jo 



dt = -nBe. 



The potential fulfills the integrability condition because of the following ar- 
guments. Let Sx € C^{W^), Sy G C^{M.'^) and denote by s^, := — Sx{0) and 
Sy := Sy — Sy{0) thcu 

|0((x, Sx), {y,Sy))\T{x,dsx)a{dx) 



< I / \V{x + Sx{t)-Sy{t))\dtWo\o{dSx)dx 

'£»{R<*) Jo 

\V{x + Sx{t) - Sy{t))\dxdtWoio{dsx) 

£»(R'*) Jo JR'* 



£''(Md) Jo 



V{x)\dx / dtWoUdSx) < - — \V (x) \dx 



Thus according to Theorem |5^ there exists a limiting measure fi on the 
marked configuration space f2]Kd(£^(M'^)), this are not configurations in loops 
but we can embed the loop space into R'^x£^(]R'^) in the following way 

/ : C^W^) ^ R'^xC^R'^), s ^ (s(0), s), 

and the image of this mapping 

A := {{x, s) G M"'x/:^(M^)| s(0) = x}, 
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is a measurable set of full measure, i.e., 

Wx\x{ds)dx = 0. 



Whence according to Proposition |5.4| the set 

n := {{{xi, s^J, {X2, Sa^J, . . .} G 1]| s^.,(0) = Xi for all i}, 

has full measure, i.e., //(fi) = 1 and thus we can define a measure on the loop 
space via the above embedding. 
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Appendix 

A.l Proof of Lemma 12.8 



Lemma A. 16 The following results are valid. 

1. G (Xx S)''\3iJ i^ J with x, = Xj}) = 0. 

2. cr"®"((X X 5)"\(irxS)") = 0. 

3. For all oj G fi/i„ the set := {u' G f2/m|7tj H 7^/ 7^ 0} has zero 
Uza^ -measure. 



4. The set A := {{uj,uj') G flfin x ^finl'Joj ^luj' 7^ 0} has zero v^a^ (K) I'za^- 
measure. 



Proof. |l|. Because of the symmetry and the non-atomicity of a we have 

. . . G (X X 5)"|32, J I ^ J with Xi = X,}) 

< (2)^"^"({(^i' • • • G (X X Sr\x, = X2}) 



a"(X X 5)"-V^2({((x, s), (x, t))\xeX,s,te S}) 
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2. Consequence of |^. 

3. Let ijj = {ni, . . . ,ym}- According to ( p.5|) we can decompose the set 

v4.^ a,s 

oo 
n=0 

then the definition of u^a^ apphed to A yields 

n=Q 

where y4^^„ is given by 

Aoj,n ■= {{xi, ...,£„}€ fi^"^ I 3i,j i ^ J with Xi = yj}. 
On the other hand we can estimate ^(o"^)(Aa;,n) by 

nm(T"®"({(xi, ...,Xn)e (X^)" X (X^)">i = yi}), 

then the definition of a'^ and the non-atomicity of a imphes as above that 
this last expression is zero. 

4. Consequence of |^. ■ 
Lemma |2T^ Let ip e A and A, A' G Bc{X) be given such that A' C A, 
suppose that ip E L^{Q\, Uza^)- Then the following equality holds 



{exp* 'ip){u U uj')i'za^{,du) (1.7) 



^A\A' 



exp / ^/j{uj)uza-iduj)] exp* [ / lo \{0}(-)^(-Uc^)z/^^r(rfu;) (cj') 



^A\A' / \"^^A\A' 

for Uza^-a-.e. u G ^a'- 

Proof. First we clarify the existence of the integrals. It follows from Fubini's 
theorem that 

I (exp* 'ip){uj U uj')\uzfjT[duj')uzfjT[duj) 



< {exp* \ilj\){uUuj')iyza^{duj')iyzar{duj) 



exp ( / \ilj\{uj)uza^{duj) ] < 00, 

'Ha 
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thus for z/^o-^-a.e. uj G f^A' (exp* U c<j') and (exp* ■?/')(■ U cu') belongs to 

L^(f2A\A', '^zo-^)- Hence the following manipulations are justified for \'^\ and 
therefore also for the function tl) itself. 

The left hand side of ( |1.7| ) for u;' 7^ is by definition equivalent to 



00 ^ 

^ n! ^ 



:i.8) 



A\A' n=l (a;i,...,Lj„)6<P"(a;ULj') 



Without loss of generality we may assume H 7^' = (cf. Lemma |A.16| ). 
To each partition {uji, . . . , Un) € ^0(1-0' U u') we define in one to one form the 
following objects (we put together the tUj's which have solely points from a;) 



J 
I 

^0 



{i I uji C uj} 
\J\ 

uji n uj' , 'ii ^ J 



where / G {0,...^n-l}; (r/o, • • • , r/;) G q^J+^M; te+i.-.-^n) G ^^'M; 
(^i+i! • • -^n) G '^'^~\uj'). This implies that ( p..8|) can be rewritten as 

il){uoUuj')iJz^r{duj) (1.9) 



/ 



'a\a' 
00 n— 1 ^ 



n=2 i=0 



where 



Then using Lemma we obtain 

00 n— 1 



ri=2 «=0 



A\A' 
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First we look at the integral of ipn,i 



« n 

/EE n 

„ n 

«')r+iGq3"-H^') {c)r+iG'pr'('?o)'='+^ 

Once more we apply Lemma |2.6| to the right hand side of the above equality 
to get 

n „ 

E n / i^{^[y^^^>^Ad^^)■ (l-H) 

Hence interchanging the sums and putting together ( [I.10| ) and ( |1 . 1 1|) we get 



oo oo \ I P 

JUL u[ H^)jyza^{duj) 

1=0 n=l+l ' \-^^A\A' 

n—l 



1 

X 



j2 n/ ^(^uco^..^(c?^) 



in - ly 

expl / ilj{uj)u,„r{duj) j exp*l / lnf^„\{(^}{-)ip{- U uj)u-,„r{duj) ) {u'). 



A. 2 Proof of Proposition |4.1U| 



Proposition [4.10| Let uj,( ^ ^fin with 7,^ H 7^ = 0. The solution of ([4.13|) 



for iu = {£1, . . . ,xi}, I > 1 has the form 

Q({xi, . . . , xi}, = ^1) ■ ■ ■ ^({^'}' ^0, (1-12) 

(l^i,...,<^06?!^(C) 



where 



Q{{x}X):={e'''f^^' E n (1.13) 

TGX({x}uC) {S,S'}eT 
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for C 7^ and Q({x},0) := e^^^. In the case = we define Q(0,C) as in 



Proof. For u; = the assertion follows by definition, hence we assume a; 7^ 0. 
We prove the result by induction in Ic^l + \(\. 

For \u\ + Id = 1 with 7^^ fl 7,^ = we have C = and u = {x}. On the 
one hand the r.h.s. of (^4.13|) yields 



iI>C0 



2I3B 



on the other hand equation (|1.13| ) gives 



rGl({x}) {£,i'}G0 

Thus the initial induction step is verified. 

Let us assume that the result is true for |c<j| + |d = n — 1 with 7tjn7<j = 
Choose uj, ( such that 7^ 0, 7^; fl 7^ = 0, |ct;| + |d = n, and denote I{uj) 
Xq G u. Using (|1.12| ) for n — 1 in the r.h.s. of ([4.13|) one obtains 



(1.14) 

where n' = \uj\ + \u\ — 1. If 7^ 0, then define u'^^ := u L\ Uxsti'^f 
make the following re- arrangement in one to one form 

I 

where (4),^. e ^'-'(C), < ^ 0, ^ ^ C and K),^^ G ^If'K.V)- 
With this, the expression in ( |1.14| ) can be rewritten as 

E n Qii^h^'^ E ^"'""M^o)] (1.15) 

^0 
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Next we use the explicit form for Q{{x}, uj'^) in ( |1.13| ) to write the term 



as 



= E (e^^^)^^l-^o\-l^l-l E n E l^^.l l^-(^o)|. (1.16) 

We again make a re- arrangement: for 7^ a) C tu^^^, (a;^)£g;2, G ^0^'(ci;^|^\a;), 
and (T£)^gi e x^^z^lllx} U ^) we define 

T:=[_\T,U {{x, Xo)\x eu}e U {:ro}), 

and vice versa, given T G ^(0;^.^^ U {xq}) we define lu), u'^, and (T£.)ig(2, by 

cl; := {xeV{T)\{x,x,)eT}Cu',^ 
Txo®^Ti: := T\{{x,Xo)\x e (2)} withx eV{Ts,) andV{Ts,o) = Xq 

u', := V{T,)\{x} 
Then ( p. .161 ) can be written (using |1.13|) as 



TGX(a;:^U{£o}) 



Hence (|1.15|) now simphfies to 



j2 n Q({£},^^)Q({£o},4o)- 



After an exphcit calculation for the case a) = we see that the above expres- 
sion is nothing but the required form for Q{uj,(). ■ 
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A. 3 Proof of Proposition |4.1ci| 



Lemma f4.12| For every x G X x S, Y ^ ^{X)^ n > 1 we have 



YxS 

Proof. In the following we denote t/n+i '■= The equality ( [4.15| ) implies 
the following estimate for ( p..l7|) 

^^2pBy+l I n |e"'"'^''*^-lk"(#)l- (1-18) 

TGX{[n+l]) ■^C^X'S')" (ij)GT 

We now estimate by induction in n the term 

f n |e^*(^'*) -l|a"(cij/)^ (1.19) 



For n = 1 all trees T are of the form and hence ( |1.19D is reduced 

to 

/ |e^*(*'J^i)-l|(T"(#i). 

J(Yy.S) 

Let us assume that for n = — 1 we have for all T G T([n + 1]) 

JyxS 

For the case n = N we proceed as follows. Let T G T([n + 1]) be given. 
Choose ijn+i as a foot point of T. Then there exists a final pair {71,^2} ^ ^ 
where yj-^ is the final vertex and yj^ 7^ ^n+i- This implies the following 
estimate 
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< / TT ^Q-PHvi^vj) _ ]_| 



» n 
JyxS 



1=1 



YxS 



where in the last inequahty we used the induction step. Thus ( |1.18|) yields 

"^^^■^ TGX([n+l]) 

It follows from Proposition |]4| that |T([r;. + = {n + 1)""^ I 
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